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Going forward
● For the last few statistical tests, we'll go into very little math

● It gets a bit tricky, and this isn't a full statistics course

● We'll also make more bad assumptions, for simplicity

● These tests make stronger assumptions about the data

● There are ways to check those assumptions, but we won't

● If you use these for real, there are nitty-gritty details to be considered

● We'll focus on when to use these tests, and how to use them in R

● Our goal is to practice the basics
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ANOVA
● ANOVA stands for ANalysis Of VAriance

● Like t-tests, checks whether samples 
have the same population mean

● Unlike t-tests, tests this for two or more 
groups (t-tests assume two groups)

● Hypotheses

● H0 : μ1 = μ2 . . . = μG

● H1 : Not (μ1 = μ2 . . . = μG)

● (  is a different hypothesis than 
)

H1
μ1 ≠ μ2 . . . ≠ μG
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● We test the hypothesis with a ratio 

called the F-statistic

● Compares the between-group variation 
( ) with within-group variation ( )

● Computed as 

● F-distribution gives us significance 
values

● Higher F  lower p-value

MSb MSw

MSb/MSw

→

● Purposefully glossing over where  
and  come from

MSb
MSw
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Example in R
● Groups: two drugs and a placebo in 

a clinical trial

● Encoded as categorical variable

● Outcome measure: mood 
improvement

● R command: aov()

● formula: outcome variable distributed 
by group

● Returns complex R object
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Example in R
● The result of print is not very 

informative

● Residuals is the variability that is 
not explained by drug

● (i.e. within-group variability)

● Can get p-values with 
summary(my_anova)

● F-statistic is here too
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Interpreting the result
● If we get a significant result, what does that mean?

● Null hypothesis: 

● Alternative hypothesis: anything else!

μ1 = μ2 . . . = μG

● Rejecting the Null doesn't tell us which groups are distinct from which 
other groups

● (Only that they aren't all the same!)

● Null can be rephrased as "drugs don't have an affect on mood"

● What if we want to be more specific?
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Multiple comparisons
● 3 groups gives us 8 possible hypotheses!

● ANOVA combines 7 of them

● Can test all with pair-wise t-tests

9



Problems with pair-wise tests

10



Problems with pair-wise tests
● The issue with pair-wise tests: p-value "fishing"

● We do a large number of pair-wise comparisons, so a few are likely to be significant 
by random chance!

● This is a type of post-hockery peril that Rusico talks about in hw4

10



Problems with pair-wise tests
● The issue with pair-wise tests: p-value "fishing"

● We do a large number of pair-wise comparisons, so a few are likely to be significant 
by random chance!

● This is a type of post-hockery peril that Rusico talks about in hw4

● There are methods to correct for this problem

● Idea: p-values adjusted as if it were one big test rather than multiple

● The book recommends Holm Correction (can be applied in R)

10



Problems with pair-wise tests
● The issue with pair-wise tests: p-value "fishing"

● We do a large number of pair-wise comparisons, so a few are likely to be significant 
by random chance!

● This is a type of post-hockery peril that Rusico talks about in hw4

● There are methods to correct for this problem

● Idea: p-values adjusted as if it were one big test rather than multiple

● The book recommends Holm Correction (can be applied in R)

● Why not just run corrected pair-wise tests rather than ANOVA?

● ANOVA encourages well-formulated hypotheses
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ANOVA assumptions
● Data points are independent of one another

● e.g. the same person isn't in more than one group

● All groups have the same variance ("homogeneity of variance")

● Like t-tests, there's a version of ANOVA that removes this assumption

● Called the Welch One-way Test

● R command is named unhelpfully: oneway.test()

● Groups are Normally distributed

● This is a strong assumption, but there are methods to check it

● (We won't bother checking Normality in this course. This is a simplification)
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ANOVA and t-test
● With two groups the ANOVA is 

mathematically equivalent to the 
Student's t-test

● Student's t-test can be considered a 
simplified case of ANOVA

● Of mathematical interest: 
equivalence between test based on 
F-statistic and t-statistic
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Linear regression
● Model the change in an observed dependent variable (y) as a function of 

one or more independent variables (x)

● Independent variables are also called predictors

● Dependents are also called responses

● “Linear” refers to the fact that effects of predictors are summed together

15

y = βx + α

response predictor

slope intercept / 
bias

(y = mx + b)



Error minimization

16



Error minimization
● Model coefficients are selected to 

minimize the error between the 
predicted line and observed 
datapoints

16



Error minimization
● Model coefficients are selected to 

minimize the error between the 
predicted line and observed 
datapoints

● This is called the residual error

16



Error minimization
● Model coefficients are selected to 

minimize the error between the 
predicted line and observed 
datapoints

● This is called the residual error

● Yields the “best fit line”

16



Error minimization
● Model coefficients are selected to 

minimize the error between the 
predicted line and observed 
datapoints

● This is called the residual error

● Yields the “best fit line”

● Sometimes explicitly modeled:

●
● where  is residual error

y = βx + α + ϵ
ϵ
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Multivariable regression
● Formula straightforwardly generalizes to multiple predictors

●
● Matrix notation: 

● Can be solved in the same way

y = α + β1x1 + β2x2 + . . . + ϵ
Y = Xβ + ϵ
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Multivariable regression
● Formula straightforwardly generalizes to multiple predictors

●
● Matrix notation: 

● Can be solved in the same way

y = α + β1x1 + β2x2 + . . . + ϵ
Y = Xβ + ϵ

● R code
● model = lm(y ~ variable) 

● model = lm(y ~ variable_1 + variable_2)
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Categorical variables
● A predictor x can be categorical, also known as a factor

● e.g. which pond is a fish sampled from out of {pond_1, pond_2}

● Regression software usually converts this to a binary “dummy” variable

● Pond 1 : 

● Pond 2: 

x = 0
x = 1

● What is the result of this “dummy” encoding?
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Categorical variables
● Pond 1 case

● y = β * x + α = β * 0 + α = α

● Pond 2 case

● y = β * x + α = β * 1 + α = β + α

● With the dummy encoding,  is the mean of pond 1

● Implicitly assumes pond 1 is the “baseline/control” group

●  is the difference between pond 1 and pond 2

α

β
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Categorical variables
● Pond 1 case

● y = β2 * 0 + β3 * 0 + α = α

● Pond 2 case

● y = β2 * 1 + β3 * 0 + α = α + β2

● Pond 3 case

● y = β2 * 0 + β3 * 1 + α = α + β3

● (  dummy variables used to represent  values)n − 1 n
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R example
● We have two predictors:

● fertilizer (continuous)

● pond (categorical)

● One outcome: algae (continuous)

● Categorical variable gets encoded with 
dummy variables

●

●  is the "default" intercept

algae = βf ⋅ fertilizer + βp ⋅ pond2 + α

α

● Null hypothesis is that  and  are zeroα β

21



R example

22



R example

22

Just means the 
intercept is not 
significantly 

different from 
zero



R example
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Just means the 
intercept is not 
significantly 

different from 
zero

algae = 2.05 ⋅ fertilizer + 3.37 ⋅ pond2 + 0.13


