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Language Modeling
● As seen in the course intro, a Language Model makes probabilistic 

predictions about symbols in a sequence

● This will usually mean predicting the distribution of words in a sentence

● Formally, we want to know P(w1, w2, w3 . . . wk)
● Where  are the words of a particular sentence/sequencew1:k

● This is shorthand for the joint probability of seeing these words together and in 
this order

● This is a simplification of notation, as you might notice if taking LING 214. More 
precise would be something like P(X1 = w1, X2 = w2 . . . Xk = wk)

3



Briefly: Conditional Probability

4



Chain Rule of Probability

5



Chain Rule of Probability
● In general, true joint probabilities like  are very hard to compute!P(w1:n)

5



Chain Rule of Probability
● In general, true joint probabilities like  are very hard to compute!P(w1:n)
● There are all kinds of complex relationships between words in a sequence

5



Chain Rule of Probability
● In general, true joint probabilities like  are very hard to compute!P(w1:n)
● There are all kinds of complex relationships between words in a sequence

● The Chain Rule (of Probability) lets us break joint probabilities into conditional 
probabilities

5



Chain Rule of Probability
● In general, true joint probabilities like  are very hard to compute!P(w1:n)
● There are all kinds of complex relationships between words in a sequence

● The Chain Rule (of Probability) lets us break joint probabilities into conditional 
probabilities

● P(x1 ∧ x2 . . . ∧ xn) = P(x1)P(x2 |x1)P(x3 |x1 ∧ x2) . . . P(xk |x1:k−1)

5



Chain Rule of Probability
● In general, true joint probabilities like  are very hard to compute!P(w1:n)
● There are all kinds of complex relationships between words in a sequence

● The Chain Rule (of Probability) lets us break joint probabilities into conditional 
probabilities

● P(x1 ∧ x2 . . . ∧ xn) = P(x1)P(x2 |x1)P(x3 |x1 ∧ x2) . . . P(xk |x1:k−1)

● Key idea: P(x1 ∧ x2) = P(x1)P(x2 |x1) = P(x2)P(x1 |x2)

5



Chain Rule of Probability
● In general, true joint probabilities like  are very hard to compute!P(w1:n)
● There are all kinds of complex relationships between words in a sequence

● The Chain Rule (of Probability) lets us break joint probabilities into conditional 
probabilities

● P(x1 ∧ x2 . . . ∧ xn) = P(x1)P(x2 |x1)P(x3 |x1 ∧ x2) . . . P(xk |x1:k−1)

● Key idea: P(x1 ∧ x2) = P(x1)P(x2 |x1) = P(x2)P(x1 |x2)
● This is a recursive definition: to add another variable, you add another conditional probability

5



Chain Rule of Probability
● In general, true joint probabilities like  are very hard to compute!P(w1:n)
● There are all kinds of complex relationships between words in a sequence

● The Chain Rule (of Probability) lets us break joint probabilities into conditional 
probabilities

● P(x1 ∧ x2 . . . ∧ xn) = P(x1)P(x2 |x1)P(x3 |x1 ∧ x2) . . . P(xk |x1:k−1)

● Key idea: P(x1 ∧ x2) = P(x1)P(x2 |x1) = P(x2)P(x1 |x2)
● This is a recursive definition: to add another variable, you add another conditional probability

● The Chain Rule does NOT say anything about order

5



Chain Rule of Probability
● In general, true joint probabilities like  are very hard to compute!P(w1:n)
● There are all kinds of complex relationships between words in a sequence

● The Chain Rule (of Probability) lets us break joint probabilities into conditional 
probabilities

● P(x1 ∧ x2 . . . ∧ xn) = P(x1)P(x2 |x1)P(x3 |x1 ∧ x2) . . . P(xk |x1:k−1)

● Key idea: P(x1 ∧ x2) = P(x1)P(x2 |x1) = P(x2)P(x1 |x2)
● This is a recursive definition: to add another variable, you add another conditional probability

● The Chain Rule does NOT say anything about order

● For Language Modeling: what is the probability of the next word given the previous 
words
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Chain Rule Example
● Let's apply the chain rule to a sentence: "The calico cat sits"

● What is the joint probability ?P(The, calico, cat, sits)
● Decompose using the Chain Rule

● P(The) ⋅ P(calico |The) ⋅ P(cat |The calico) ⋅ P(sits |The calico cat)

● What does this buy us?

● Breaks a hard problem into tractable sub-problems

● Allows the model to make predictions word-by-word

● But how do we get these conditional probabilities?
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Counting-based Language Models
● Given some prefix of words, how do we know the probability that a 

specific word will follow? (see example below)

● Naive solution: count the number of times it occurs in your data!

●  indicates the count of the string

● Equation below gives the conditional probability of the following word

C( . . . )

● But... how many times can we actually expect to encounter that prefix?

● Not many! This probably gives a poor estimation of the conditional prob.
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Motivation
● Problem: as sequences get long, they also get incredibly rare

● Makes it intractable to observe/count all of the words that can come next

● The "probability" of most possible sequences will be zero!

● Solution: make simplifying assumptions about model

● Markov assumption: probabilities are only conditioned on a finite history

● i.e. don't look too far into the past

● For LMs, often called the n-gram assumption

● Only use a few previous words to predict the current word!
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Definition
● n-gram: a specific sequence of n words (or other symbols)

● n-gram probability: the conditional probability of the nth word given the 
previous n-1 words

● Bigram ("2-gram"): sequence of two words, e.g. P(cat |calico)

● Trigram ("3-gram"): sequence of three words, e.g. P(cat | the calico)

● Any other size would be called 4-gram, 5-gram, etc.

● The value of n is left as an engineering choice

● However, for large n we run into the exact same rarity problem as before
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Bigram Approximation
● If using bigrams, we are approximating the true probability as follows:

● P(wi |w1:i−1) ≈ P(wi |wi−1)

● Plugging this into our calico example:

● P(sits |The calico cat) ≈ P(sits |cat)

● P(The calico cat sits) ≈ P(The) ⋅ P(calico |The) ⋅ P(cat |calico) ⋅ P(sits |cat)

● Okay... but how do we get these bigram probabilities?

● Simple: we'll bring back counting occurrences!

● The prob. of all possible following  will sum to 1.0wi

11

P(wi |wi−1) =
C(wi−1wi)
C(wi−1)
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● P(The calico cat sits) ≈ P(The) ⋅ P(calico |The) ⋅ P(cat |calico) ⋅ P(sits |cat)

● To make it a bigram, we'll use special beginning-of-sequence and end-of-
sequence symbols

● <s> The calico cat sits </s>

● We then get the bigram , the probability of "The" coming at the 
beginning of a sequence. (We assume )

P(The |<s>)
P(<s>) = 1

●  is the probability that the sentence ends with word wP(</s> |w)

● P(The |<s>) ⋅ P(calico |The) ⋅ P(cat |calico) ⋅ P(sits |cat) ⋅ P(</s> |sits)
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Log Probabilities
● Remember that multiplying probabilities leads to underflow errors

● The computer essentially runs out of decimal places for the small numbers

● This is accentuated by n-gram probabilities being small before multiplication

● Instead: convert to log probabilities, then sum instead of multiplying

● Log probs can be converted back with the exponential function ( )ex
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P(The) ⋅ P(calico |The) ⋅ P(cat |calico) ⋅ P(sits |cat) →

( ≠ ) log(P(The) ⋅ P(calico |The) ⋅ P(cat |calico) ⋅ P(sits |cat))

= logP(The) + logP(calico |The) + logP(cat |calico) + logP(sits |cat))
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Real Bigram Probabilities
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Problems with N-Grams
● N-grams are useful for making modeling tractable, but remember that they're 

only an approximation of the true distribution we want to model

● Major problem: long-distance dependencies

● "The keys next to the book on top of the wooden table were brass"

● N-grams can't capture a dependency beyond their window!

● Also hard to account for n-grams not seen in the training data

● The n-gram "a platypus has fur" might never show up in our data, even though we 
might want it to be reasonably probable

● Neural models can help us with this problem!
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